For a large class of smooth dagger spaces-rigid spaces with overconvergent structure sheaf-we prove finite dimensionality of de Rham cohomology. This is enough to obtain finiteness of P. Berthelot's rigid cohomology also in the nonsmooth case. We need a careful study of de Rham cohomology in situations of semistable reduction.
Introduction
Let R be a complete discrete valuation ring of mixed characteristic, let π ∈ R be a uniformizer, and let k = Frac(R),k = R/(π). It is a simple observation that the de Rham cohomology H * d R (X ) of a positive-dimensional smooth affinoid k-rigid space X computed with respect to its (usual) structure sheaf is not finite-dimensional. The idea of instead using an overconvergent structure sheaf arises naturally from the paper of P. Monsky and G. Washnitzer [25] . The Monsky-Washnitzer cohomology of a smooth affinek-scheme Spec(A) is the de Rham cohomology ofÃ † ⊗ R k, whereÃ † is a weakly complete formal lift of A. Monsky-Washnitzer cohomology has recently been shown to be finite-dimensional (independently by Berthelot [2] and, based on common work with G. Christol, by Z. Mebkhout [24] ). The algebraÃ † ⊗ R k can be geometrically interpreted as a k-algebra of overconvergent functions on the rigid space Sp(Ã ⊗ R k), whereÃ is a lifting of A to a formally smooth π-adically complete R-algebra. In [11] we introduce a category of k-rigid spaces with overconvergent structure sheaf, which we call k-dagger spaces, and we study a functor X → X from this category to the category of k-rigid spaces which is not far from being an equivalence. For example, X and X have the same underlying G-topological space and the same stalks of structure sheaves. Finiteness of Monsky-Washnitzer cohomology implies finiteness of de Rham cohomology for affinoid k-dagger spaces with good reduction; in the above notation, the algebraÃ † gives rise to the affinoid k-dagger space X with (X, O X ) =Ã † ⊗ R k. Our main result generalizes this statement as follows.
THEOREM A (Corollary 3.5 plus Theorem 3.6)
Let X be a quasi-compact smooth k-dagger space, let U ⊂ X be a quasi-compact open subset, and let Z → X be a closed immersion. Then T = X − (U ∪ Z ) has finite-dimensional de Rham cohomology H * d R (T ).
By [11, Theorem 3.2] , this implies finiteness of de Rham cohomology also for certain smooth k-rigid spaces Y , for example, if Y admits a closed immersion i into a polydisk without boundary (at least if i extends to a closed immersion with bigger radius) or if Y is the complement of a quasi-compact open subspace in a smooth proper k-rigid space. But our main corollary is of course the following.
COROLLARY B (Corollary 3.8)
For ak-scheme X of finite type, the k-vector spaces H * rig (X/k) (see [2] ) are finitedimensional.
We do not re-prove finiteness of Monsky-Washnitzer cohomology; rather, we reduce our Theorem A to it. A big part of this paper is devoted to the study of de Rham cohomology in situations of semistable reduction. We need and prove the following theorem. 
Another important tool is A. de Jong's theorem on alterations by strictly semistable pairs, in its strongest sense.
We proceed as follows. After recalling some facts on dagger spaces in Section 0, we formulate in Section 1 some basic concepts about D-modules on rigid and dagger spaces. This follows the complex analytic case (see, e.g., [23] ). Instead of reproducing well-known arguments, we focus only on what is specific to the nonarchimedean case. Then we construct a long exact sequence for de Rham cohomology with supports in blowing-up situations. As in [18] (for algebraic k-schemes), this results from the existence of certain trace maps for proper morphisms; we define such trace maps based on constructions from [8] , [3] , and [26] . Finally, we prove the important technical fact that the de Rham cohomology H * d R (X ) of a smooth dagger space X depends only on its associated rigid space X ; hence knowledge of X (e.g., a decomposition into a fibre product) gives information about H * d R (X ). In Section 2, we begin to look at R-models of the associated rigid spaces; more specifically, we consider the case of semistable reduction. Its main result is Theorem C. It enables us to reduce Theorem A, in the case where U = ∅ and X has semistable reduction, to the finiteness of Monsky-Washnitzer cohomology. In Section 3, we first prove Theorem A in the case when U = ∅ = Z . After reduction to the case where X is affinoid and defined by polynomials, we apply de Jong's theorem to an R-model of a projective compactification of X to reduce to the finiteness result of Section 2. The case of general Z is handled by a resolution of singularities (see [4] ). Then we treat the case of general U by another application of de Jong's theorem. The formal appearence of these last arguments bears some resemblance to the finiteness proofs in [2] and [18] . But there are also distinctive features, in the simultaneous control of special and generic fibre, and in particular in our second application of de Jong's theorem. We apply it to a certain closed immersion of R-schemesXk ∪Ȳ →X , where the space X − U we are interested in is realized in (the tube ]Ȳ [ of) the compactifying divisor-not in its open complement.
Dagger spaces
Let k be a field of characteristic zero, complete with respect to a nonarchimedean valuation |.|, with algebraic closure k a , and let * = |k * a | = |k * | ⊗ Q. We gather some facts from [11] . For ρ ∈ * , the k-affinoid algebra T n (ρ) consists of all series a ν X ν ∈ k[[X 1 , . . . , X n ]] such that |a ν |ρ |ν| tends to zero if |ν| → ∞. The algebra W n is defined to be W n = ρ>1 ρ∈ * T n (ρ). * A k-dagger algebra A is a quotient of some W n ; a surjection W n → A endows it with a norm that is the quotient seminorm of the Gauss norm on W n . All k-algebra morphisms between k-dagger algebras are continuous with respect to these norms, and the completion of a k-dagger algebra A is a k-affinoid algebra A in the sense of [6] . There is a tensor product ⊗ There is a faithful functor from the category of k-dagger spaces to the category of k-rigid spaces, assigning to a k-dagger space X a k-rigid space X (to which we refer as the associated rigid space; however, we use the notation (?) not only for this functor). X and X have the same underlying G-topological space and the same stalks of structure sheaf. A smooth k-rigid space Y admits an admissible open affinoid covering Y = V i such that V i = U i for uniquely determined (up to noncanonical isomorphisms) affinoid k-dagger spaces U i .
Furthermore, this functor induces an equivalence between the respective subcategories formed by partially proper spaces as defined below. In particular, there is an analytification functor from k-schemes of finite type to k-dagger spaces. For a smooth partially proper k-dagger space X with associated k-rigid space X , the canonical map
between the de Rham cohomology groups is an isomorphism. This follows from applying [11, Theorem 3.2] to the morphism between the respective Hodge -de Rham spectral sequences. By a dagger space not specified otherwise, we mean a k-dagger space; we use similarly the terms dagger algebras, rigid spaces, and so on.
In the sequel, all dagger spaces and rigid spaces are assumed to be quasiseparated. We denote by D = {x ∈ k; |x| ≤ 1} (resp., D 0 = {x ∈ k; |x| < 1}) the unit disk with (resp., without) boundary, with its canonical structure of k-dagger or k-rigid space, depending on the context. For ∈ * , the ring of global functions on the polydisk {x ∈ k n ; all |x i | ≤ }, endowed with its canonical structure of kdagger space, is denoted by 
Proof
Write X = Sp(W n /I ), Z = Sp(W n /J ) with ideals I ⊂ J ⊂ W n . Since these ideals are finitely generated, there are a ρ > 1 and ideals I ρ ⊂ J ρ ⊂ T n (ρ) such that I = I ρ · W n and J = J ρ · W n , and such that the rigid space X ρ = Sp(T n (ρ)/I ρ ) is smooth.
Apply [4, Theorem 1.10] to the closed immersion Z ρ = Sp(T n (ρ)/J ρ ) → X ρ to get a morphism of rigid spacesX ρ → X ρ with the desired properties. Its restriction to the partially proper open subspace ρ <ρ Sp(T n (ρ )/(I ρ )) ⊂ X ρ is a morphism of partially proper spaces (compositions of partially proper morphisms are partially proper; see [19] ) and hence by [11, Theorem 2.27 ] is equivalent to a morphism of dagger spaces. The restriction of the latter to X does the job.
D-modules

1.1
For a smooth dagger (or rigid) space X , let 
If X is of pure dimension r , we write ω X = r X , and if f : X → Y is a morphism of smooth and pure-dimensional spaces, we write
1.2
Suppose X = Sp(A) with a regular k-dagger algebra (resp., k-affinoid algebra) A. 
1.3
Let X be smooth of pure dimension. Then ω X can be equipped with a canonical structure of a D X -right module and there is an equivalence between the category of D X -right modules and the category of D X -(left)modules, where a D X -right module E is sent to Hom O X (ω X , E ), and a D X -(left)module M is sent to ω X ⊗ O X M . This can be seen as over the complex numbers (cf. [23] ).
1.4
For a morphism f : Z → Y of smooth pure-dimensional dagger (resp., rigid) spaces, we define
1.5
As in the complex case, we have a canonical D X -linear projective resolution
1.6
We recall a definition from [19, Section 5.6] . Let f : Z → Y be partially proper, and let F be an abelian sheaf on Z . If Y is quasi-compact, let
If Y is arbitrary, let
the functor induced by the left exact functor f ! (−). In the following we always assume tacitly that R f ! : 
→ Z be partially proper morphisms between smooth pure-dimensional dagger (resp., rigid) spaces. We assume that g is a projection or a closed immersion.
Proof
We have to show the projection formula
Therefore we obtain the above projection formula using the way-out lemma (see [17, 
1.7
Let Y → X be a closed immersion into a smooth dagger (resp., rigid) space, defined by the coherent ideal
1.8
We list some properties of the above functors. The proofs are similar to those in [23] ; the projection formulas needed can be justified as in Proposition 1.
(a) If f : Z → Y is a partially proper morphism between smooth puredimensional dagger (resp., rigid) spaces and if
There are a canonical isomorphism
and a distinguished triangle
Let X be smooth and affinoid, let Sp(B) = Y → X be a closed immersion of pure codimension d such that all local rings B x (for x ∈ Sp(B) = Y ) are locally complete intersections, and let F be a D X -module that is locally free
be a chain of closed immersions, where Y and X are smooth and pure-dimensional. If d = codim(s), there is a canonical isomorphism s
Proof (cf. [24, 
Indeed, choose an injective resolution J • of the D X -right module ω X , and define the morphism of complexes
as follows. Let g be a local section of Hom O X (O X /I, J m ), and let P be a local section of D Y →X , represented by the local sectionP of
nihilated by I n+1 . The promised map is the one that sends g ⊗ P to the local section of lim→
. Now since we have as usual
of D X -left modules. We claim that ( * ) is an isomorphism. Indeed, if x 1 , . . . , x n are local coordinates on X such that Y is defined by x 1 , . . . , x d , and if δ 1 , . . . , δ n is the basis of 
which are isomorphisms if the composition S → X × T → T is an isomorphism. Proof
We begin with the rigid case. In 
.
In view of the fact that
We take the following map (cf. [26] , [3] ). For
and ω converges on {t ∈ D J ; all |t i | < } ×Ŷ for some 0 < < 1 .
For elements ω of this module, set t (ω) = a (−1,...,−1) . On the other hand, we have the Gysin map g:
Locally, it can be described as 
. This is seen to be independent of n J and of the chosen embedding U J → (D 0 ) n J . Hence these maps glue for varying J and give the desired map t p . By construction, it vanishes on Im(R n p !
In the dagger case, we argue by comparison with the associated morphism p : Z → Y of rigid spaces. Due to [11, Theorem 3.5], we have again R j p ! F = R j p * F = 0 for all coherent O Z -modules F and all j > n, and the composition of the canonical map 
If now in addition T and S are given, we can derive from t p the other promised maps using the isomorphisms from Section 1.8; note that
because S → T is quasi-compact. Finally, suppose that S → T is an isomorphism. Our additional statement in this situation is seen to be local on X . By the definition of t p : R n p ! ω Z /Y → O Y , we may replace our X with X = (D 0 ) n (dropping the assumption on properness). Passing to an admissible covering of Y , we may assume that there is a section s : Y → Z of p : Z → Y inducing the inverse of S → T . It comes with an isomorphism
by Section 1.8(b). It is enough to show that its composition with the map in question,
Of course, this will follow once we know that the underlying map
is Jacobson, we may assume that Y = Sp(k) for this. The definition of t p as above does not depend on the choice of the closed embedding into some (D 0 ) n . This tells us that the map t id Y we get for X = Y = Sp(k), computed by means of the embedding s, is the identity; but on the other hand, it is precisely the map we are interested in, by the compatibility of the Gysin map in the definition of t p with the Gysin map in Proposition 2. 
Proof Because of Section 1.8(a) and Proposition 2, applied to closed immersions Y i → D n i for appropriate m i ∈ N, we may assume that
. Now apply Proposition 3. For i = 2 the argument is the same.
1.10
where Z → Y is a closed embedding into a smooth affinoid k-dagger space Y , is justified by Corollary 1.9. For a finite field extension
for closed subspaces Z of smooth k-dagger spaces X . Now use Proposition 4.
1.11
Let f : X → Y be a finiteétale morphism of smooth dagger (or rigid) spaces, Y irreducible, X = X i the decomposition into connected components. Assume all maps f | X i : X i → Y to be surjective. Then there are an l = deg( f ) ∈ N and a trace map
Compare with the discussion in [25, Theorem 8.3 ]. We do not need this.
1.12
Let X be a smooth dagger (or rigid) space, and let j : U → X be an open immersion with complement Y = X − j (U ). We do not put a structure of dagger (or rigid) space
we denote the right-derived functor of the left exact functor
on abelian sheaves on X , and by R j * :
→ .
PROPOSITION 4
We have the following. 
is an isomorphism.
There is a long exact sequence
Proof
Step 
where j : (X − Z ) → X is the open immersion. Take an injective resolution I • of F ; then j −1 I • is an injective resolution of j −1 F , and
Step 2: The dagger case. Again (b) follows from (a). For (a), first assume that Y is also smooth. As in the proof of Proposition 1, we find an affinoid admissible open covering X = i∈I U i such that for each i ∈ I either U i ∩ Y is empty or there exists an isomorphism φ i :
is the zero section. By a Cech argument, one sees that it is enough to prove that for all finite and nonempty subsets J of I , if we set U J = i∈J U i , the canonical map
is an isomorphism. If U J ∩ Y is empty, this is trivial, so we assume that U J ∩ Y is nonempty. Choose one j ∈ J . For ∈ |k * | ∩ ]0, 1], let D( ) be the closed disk of radius (with its dagger structure), and let 
are isomorphisms. Therefore we need to show that
is an isomorphism. In other words, we may assume from the beginning that
, and think of Y = {0} × Y as embedded into W . Since the natural restriction maps
are isomorphisms, it suffices to show that
is an isomorphism. The dagger spaces {0}, P, and V are partially proper; therefore
Step 1(b) applies to give us the long exact Gysin sequence
By the Künneth formulas (in this case easily derived from Lemma 3), we thus obtain the long exact sequence
, this implies what we want. Now for arbitrary Y , we may as in Step 1 suppose that Y is defined by a single equation and that X is affinoid. Then we can reduce to the case where Y is a divisor with normal crossings as in [14] , considering a proper surjective morphism g : X → X with X smooth, U = g −1 (U ) → U an isomorphism, and g −1 (Y ) a divisor with normal crossings on X (such a g exists by Lemma 1). But in view of the MayerVietoris sequences from Sections 1.8 and 1.12, the normal crossings divisor case is equivalent to the case where Y is smooth, which has been treated above. 
Proof By Proposition 3, there is a morphism between the acyclic complexes that we get when we apply Proposition 4(b) to Y → X → Z and to Y → X → Z ; observe that
for this, and that by the construction of the trace map in Proposition 3, it is indeed a morphism of complexes; that is, the resulting diagrams commute. Every third rung of this morphism of complexes is bijective (also by Proposition 3); therefore we can perform a diagram chase according to the pattern in the proof of [18, Proposition 4.3] . LEMMA 2 Let X 1 and X 2 be smooth dagger spaces, and let φ : X 1 → X 2 be an isomorphism of the associated rigid spaces. Then φ gives rise to an isomorphism φ † :
where in the middle the term V runs through the open immersions j V : V → X of dagger spaces with ⊂ V and where V is the rigid space associated with V , regarded as an open subspace of X . We claim that the a i are isomorphisms. The claim is local, so we may assume that X 1 and X 2 are affinoid and connected, that there are elements t 1 , . . . , t m ∈ O X 1 (X 1 ) = A 1 such that dt 1 , . . . , dt m is a basis of 1 X 1 (X 1 ) over A 1 , and that there exist an open affinoid subspace U ⊂ X such that ⊂ U , where U ⊂ X is the associated rigid space, an element δ ∈ * , and an isomorphism of rigid spaces
This is an open subspace of X , and we let U be the corresponding open subspace of X . Since U is a Weierstrass domain in X , the same is true for U in X . (If necessary, modify the defining functions slightly to get overconvergent ones.) In particular, U is affinoid, so j U *
V commutes with formation of cohomology, and since the U are cofinal in {V }, it is now enough to show that for arbitrary 0 < ≤ δ the maps
are isomorphisms (i = 1, 2).
By [5] , we can find an isomorphism σ : X 1 → X 2 such that the induced map σ : X 1 → X 2 is close to φ, in particular, so close that forσ = (id, σ ) : X 1 → X we have Im(σ ) ⊂ U /2 . Similarly, we can approximate the map
U ). Its extension to the map
is an isomorphism since its completion is close to the isomorphism obtained from ρ. So we have an isomorphism
where the closed immersionσ : X 1 → U corresponds to the zero section. Hence the maps H * d R (U ) → H * d R (X 1 ) induced byσ are isomorphisms, by Lemma 3. Sincẽ σ is a section for the canonical map U → X 1 that gives rise to b 1, , we derive the bijectivity of b 1, . That b 2, is bijective is seen symmetrically. Now we define
One can show that this construction is compatible with compositions: If X 3 is a third dagger space with associated rigid space X 3 , and if γ :
. We do not need this fact here.
De Rham cohomology of tubes of a semistable reduction
From now on, let R be a complete discrete valuation ring of mixed characteristic (0, p), and let π ∈ R be a uniformizer, k its fraction field, andk = R/(π ) its residue field.
LEMMA 3
Define the open dagger (resp., rigid) subspace V of the dagger (resp., rigid) affine space A n k by
Then the same assertions as in (a) hold. (Of course, if V is the dagger (resp., rigid) space, then X should be a dagger (resp., rigid) space, too.)
Proof (a) Note that V is affinoid. We may assume that X is also affinoid and connected, X = Sp(B). After a finite extension of k, we may assume that there are δ i , γ i , and
(Computing in this ring was suggested by the referee.) (i) We begin with the following observation. Let
that is, that this sum also converges in O X ×V (X × V ). Indeed, consider the surjection of dagger algebras
By the definition of ⊗
where the X run through the strict neighbourhoods of X , the rigid space associated with X , in an appropriate affinoid rigid space that contains X as a relatively compact open subset, and where δ runs through all δ > 1. Hence, a given
· Z for some X , δ, and one easily sees that
is then an element of
and the claim follows.
(ii) For 1 ≤ i 1 < · · · < i t ≤ n, we write
Every ω ∈ q X ×V (X × V ) can be uniquely written as a convergent series
with σ t,i,v ∈ q−t X (X ) and σ t,i,v = 0 whenever there is a j with r < j ≤ n and v j ≤ 0. For 0 ≤ l ≤ n, let q l ⊂ q X ×V (X × V ) be defined by the additional condition that σ t,i,v = 0 whenever l < i t or v j = 0 for some j with l < j ≤ n. This condition means that no X j and no d X j / X j for l < j occur in ω. We claim that if l > 0, every ω ∈ q l with dω = 0 can be written modulo exact forms as
, and subtracting dη from ω, we see that we may suppose σ t,i,v = 0 whenever i t = l and v l = 0. But dω = 0 implies σ t,i,v = 0 whenever v l = 0 and i t < l, so in any case we have σ t,i,v = 0 if only v l = 0. From this the claim follows.
(iii) Let ω ∈ q X ×V (X × V ) = q n be such that dω = 0. Repeated application of (ii) shows that modulo exact forms, ω can be written as
with uniquely determined σ t,i ∈ q−t X (X ) such that dσ t,i = 0. This provides us with an inverse map for β and proves the assertion on H q d R (V ).
(b) Again we may assume that X is affinoid. In the dagger case, we then exhaust V by affinoid dagger spaces of the type considered in (a), and we conclude by using our result in (a) (passing to the limit). In the rigid case, X × V is quasi-Stein, hence acyclic for coherent modules (see [22] ). Therefore, in this case, we can argue literally as in (a); since here V is defined by strict inequalities, we do not need overconvergence.
2.1
We call a closed immersion Z → X of Noetherian π -adic formal R-schemes a strictly semistable formal pair (X , Z ) over R if there are an n ∈ N, a Zariski open covering X = i U i , and for all i a pair s(i), r (i) ∈ N with n ≥ s(i) ≥ r (i) ≥ 1 and anétale morphism
We call X a strictly semistable formal R-scheme if (X , ∅) is a strictly semistable formal pair over R.
2.2
For a π-adic topologically finite type (tf) formal R-scheme X with generic fibre (see [7] ) the rigid space X k , there is a specialization map s : 
For m ∈ N, let P m (I − J ) be the set of subsets of I − J with m elements, and let
⊂ G m for all m ≥ 0, and
It is enough to show that
If X is now replaced by its open formal subscheme that is the complement of i∈M Y i in Xk on the underlying topological space, then this means the replacement of ]Y J [ † X by G M and of I by I − M (but J stays the same). In this way, ( * * ) m takes the form ( * ) 0 ; therefore it suffices to prove ( * ) 0 . Note that
; that is, we must prove that
is bijective.
(ii) Let X = s∈S U s be an open covering of X as in the definition of strict semistability. For a finite nonempty subset T of S, let U T = s∈T U s . It is enough to show that for each such T the map
is bijective. This is trivial if Y I ∩ U T is empty. If Y I ∩ U T is nonempty, the irreducible components of the reduction (U T )k of U T correspond bijectively to those of Xk, so we can replace X by U T . In other words, it is enough to prove the statement in (i) in the following case: X = Spf(A) is affine, and there is anétale morphism
Passing to an open covering of X , we may suppose that each V (f i ) is irreducible (and nonempty), so we derive an identification {1, . . . , r } = I . For λ ∈ * with λ < 1, set
is an admissible covering, and to prove ( * ) 0 it suffices to show the bijectivity of
For β ∈ * with β < 1 and i ∈ I − J , set
We have E λ ⊂ F λ,β ⊂ F λ , and it suffices now to prove that the following maps are bijective:
Note that
We compare the admissible covering E λ = i∈I −J (G {i} ∩ F λ ) with the admissible covering F λ,β = i∈I −J F i λ,β . Since the direct limit is exact, to prove the bijectivity of (1) it is enough to prove the bijectivity of
for all ∅ = K ⊂ (I − J ). But the affinoid dagger space i∈K G {i} ∩ F λ is the inverse limit of the affinoid dagger spaces i∈K F i λ,β ; in particular,
so the bijectivity of (3) follows from the exactness of direct limits.
(iv) It remains to prove the bijectivity of the maps (2). Set
Then F λ = S λ,β ∪ F λ,β is an admissible covering, and the bijectivity of (2) is equivalent to that of
(v) We claim that there is a π-adic affine formally smooth tf formal Spf(R)-scheme Spf(D) and an isomorphism of rigid spaces (vi) To prove the bijectivity of (4), we may now, in view of Lemma 2, assume that there is a smooth k-dagger algebra B and an isomorphism of dagger spaces
It suffices to show the bijectivity of the maps
The bijectivity of (5) follows immediately from Lemma 3. Finally, consider the admissible covering S λ,β ∩ F λ,β = i∈I −J (S λ,β ∩ F i λ,β ). To prove the bijectivity of (6), it is enough to prove that of
for all ∅ = K ⊂ (I − J ), which again can be done using Lemma 3. 
is a finite admissible covering, the second claim follows from the first. For the first we may, due to Theorem 2.3, assume that J = I , shrinking X if necessary. Passing to a finite covering, we may assume that X is affine and that there is anétale morphism 
such that f i corresponds to T i . By Lemma 3 this yields isomorphisms
where we write
, and the latter is known to be finite-dimensional by [2] and [24] . But by Lemma 3 also H * d R (V ) is finite-dimensional. We are done.
be anétale morphism, and let B = A/(q * X j ) j=r +1,...,s . There is an isomorphism
such that the standard coordinates on (D 0 ) s−r correspond to q * X r +1 , . . . , q * X s .
Proof
A strictly semistable formal R-scheme X carries a canonical log structure: the log structure M X associated with the divisor X , the reduction modulo (π ) of X . In particular, Spf(R) gives rise to a formal log scheme S, and (X , M X ) → S is a log smooth morphism of formal log schemes. In our situation, Spf(A) and Spf(B) are strictly semistable formal R-schemes, and the embedding (U , M U ) → (V , M V ) is an exact closed immersion of formal S-schemes. Now we prove Lemma 4, using the above log structures. Because of [15, Chapitre IV, Lemme 18.3.2.1], we may work over the truncations mod (π n ). Due to the extension property of morphisms from exact nilimmersions to log smooth objects provided by [20, Corollary 3.11] , which is analogous to the classical extension property of morphisms from nilimmersions to smooth objects, one easily verifies the following transposition of [15, Chapitre 0, Corollaire 19.5.4 ] to the log context. Let N ) be morphisms of affine log schemes such that g is an exact closed immersion defined by the ideal I ⊂ A and such that f and f • g are log smooth. Then I /I 2 is a projective B-module, and ifÂ (resp.,Ŝ ) is the respective I -adic completion of A (resp., Sym B (I /I 2 )), then there is a section B →Â together with an isomorphism of B-algebrasŜ ∼ =Â. 
The finiteness theorem
3.1
We recall the terminology from [9] . An R-variety is an integral separated flat Rscheme of finite type. Let g : X → Spec(R) be an R-variety, and let X i , i ∈ I , be the irreducible components of the closed fibre Xk. For J ⊂ I , set X J = i∈J X i . Then X is called strictly semistable over R if the following four conditions are fulfilled.
(1)
The generic fibre X k is smooth over k. (2) Xk is reduced; that is, Xk = i∈I X i scheme theoretically.
X J is smooth overk of codimension |J | for all J ⊂ I , J = ∅. Let Z ⊂ X be Zariski closed with its reduced structure, such that Xk ⊂ Z . Then (X, Z ) is called a strictly semistable pair over R if the following three conditions are fulfilled.
(1) X is strictly semistable over R. (2) Z is a divisor with normal crossings on X .
Decompose Z = Z f ∪ Xk with Z f → Spec(R) flat, and let Z f = i∈K Z i be the decomposition into irreducible components. Then
Note that for a strictly semistable pair (X, Z ) over R, the π-adic completion of Z f → X is a strictly semistable formal pair over R in the sense of Section 2.1. 
3.2
Proof
We proceed by induction on m = dim(H ). We may suppose that
with polynomials f j ∈ R[X 1 , . . . , X n ], and we set 
is an isomorphism. Since the locus of smoothness over k is dense in X k and in Y k and since π k is finite, we find a closed subscheme
For a k-scheme L of finite type, we denote by L † its analytification as a dagger space. We regard H as an open subspace of Y
is finite by the induction hypothesis. Furthermore,
since H X is smooth, and for all open affinoid
a finite number by the induction hypothesis. 
We may assume that X is affinoid. Choose a proper surjective morphism f :X → X such thatX is smooth,Z = f −1 (Z ) is a divisor with normal crossings onX , and (X −Z ) → (X − Z ) is an isomorphism (see Lemma 1) . Passing to an appropriate finite affinoid admissible open covering ofX , we see that we may assume from the beginning that X is affinoid and that Z is a normal crossings divisor on X such that all its irreducible components are smooth. Now note that if W = X or if W is the intersection of some irreducible components of Z , then W is quasi-algebraic. Indeed, since it is smooth and affinoid, it follows from [10, Theorem 7] Set R = i∈I W i , a strictly semistable formal R-scheme. By construction, the equations defining the closed immersion R → V are contained in O V ; they define a Zariski closed dagger subspace of V whose associated rigid space is the generic fibre of R. As before, we define its open subspaces ]S[ † R for S ⊂ Rk. Let C = Rk ∩ i∈M W i . We claim that (a n ) + (b n−1 ) ⇒ (b n ) Passing to a finite affinoid covering of Y , we may suppose by Lemma 1 that there is a smooth P and a proper surjective P f → Y such that S = f −1 (T ) is a divisor with normal crossings on P and (P − S) → (Y − T ) is an isomorphism.
As in (b n−1 ) ⇒ (a n ), one shows that it suffices to prove that dim k H q ( f −1 (Y − V ), DR(R * S O P )) < ∞, so we suppose that T is a divisor with normal crossings on Y . But then, in view of Section 1.8(c), the problem is equivalent to the one where T is smooth (of arbitrary codimension). Thus it is reduced by means of Section 1.8 and Proposition 2 to the induction hypothesis (a n ).
3.7
As an application of Theorem 3.6, we will show in [13] that the de Rham cohomology groups of smooth rigid Stein spaces are topologically separated for their canonical topology and hence are Fréchet spaces. We also define reasonable de Rham cohomology groups for arbitrary rigid spaces (the underlying idea is that of Lemma 2) and derive from Theorem 3.6 Künneth and duality formulas for them. 
